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1. The Bott connection.

The “universal” example.

2. The Atiyah class of a holomorphic vector bundle.
Holomorphic vector bundles and holomorphic Lie algebroids as infinitesimal
ideal systems.

3. Infinitesimal ideals and the Atiyah class.
Example: The Atiyah class(es) of a foliated principal bundle.
4. Lie pairs and the Atiyah class.

Obstruction to a Lie pair carrying an ideal pair.



The Bott connection



The Bott connection

(A)3) is a "lie paic™.
Let A — M be a Lie algebroid and J C A a subalgebroid. The Bott
connection is the flat J-connection on A/J defined by
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The Bott connection and foliations
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The Bott connection - properties
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Atiyah class of a Lie pair

Let (A, J) be a Lie pair. The Atiyah class of the Lie pair is a
cohomology class

oy € H'(J,Hom(A/J, End(A/J))).

If it vanishes, there exists an extension V: T'(4) x [(A) — ['(A) of V’
such that

N
K a,b c(A/J) V/flat = Vb V/lat.
1" . YWongueeiad Mo s

1 B , 3= F Siw‘a\'e |
gy qF - o = W et

o
XY pregecie > groyedt fo & <O S
The Bott connection <7 - aﬁ("\) b 20 ) — XK 5/28




Atiyah class of a Lie pair
(onshudkion :
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Atiyah class of a Lie pair

= Chen, Stiénon, Xu 2016: From Atiyah Classes to Homotopy
Leibniz Algebras.

= Laurent-Gengoux, Stiénon, Xu 2014:
Poincaré-Birkhoff-Witt isomorphisms and Kapranov
dg-manifolds.
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The Atiyah class of a

holomorphicvector bundle

The Atiyah class of a holomorphic vector bundle 8/28



Holomorphic vector bundles

Theorem (Kobayashi)

Let E — M be a complex vector bundle over a complex manifold M.
Then E is a holomorphic vector bundle if and only if there exists a

C-linear connection J: M-
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Holomorphic connections

Let E — M be a holomorphic vector bundle. A C-linear connection
V: T (TM) x T'(E) — T(E) is holomorphic if Ve is holomorphic for
X e %( ) a local holomorphic vector field and e € I'y(E) a local
holomorphlc section.
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Holomorphic Lie algebroids

A holomorphic Lie algebroid is a holomorphic vector bundle A — M
with a Lie algebroid structure (p, [-, -]) such that

x[A4, A C A and p(A)CX.
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Infinitesimalideals

and the Atiyah class
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Infinitesimal ideals

(n '3) |()C..vn\<s vl mdu.o @oin' -

(ﬁvDeflnltlon (JL-Ortiz 14, Hawkins 07)

Let (q: A— M, p,[-,-]) be a Lie algebroid, Fy C TM an involutive
subbundle, J C A a subalgebroid over M such that p(J) C Fyand V a
flat Fy-connection on A/J with the following properties:

. Ifa € T(A)is V-flat, then [a,j] € T(J) forallj € T(J).
2. Ifa,b € T(A) are V-flat, then [a, b] is also V-flat. if 36 =
(3. Ifa € T(A)is V-flat, then p(a) is V-flat. / )-1"\ 2.4
The triple (Fy, J, V) is an infinitesimal ideal éystenj inA. A
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Infinitesimal ideals
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Atiyah class of an infinitesimal ideal

Let (Fu,J, V') be an infinitesimal ideal in A. The Atiyah class

a € H'(Fy, Hom(TM/Fy, End(A/J)))

of the infinitesimal ideal is a cohomology class that vanishes ifand
only if there exists an extension V: X(M) x ['(A) — '(A) of V' such
that Vll?f(ﬁ’l)xrm)])"r‘lnﬁ\

{ aer(A/J) Vi-flatand
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Reducible algebroid

Theorem

Let (Fu,J, V) be an infinitesimal ideal in a Lie algebroid A — M. If the
quotient vector bundle A" := (A/J)/NV — M/Fy =: M’ exists, then the
Atiyah class of the infinitesimal ideal vanishes.

In other words...

Theorem
Let (Fu,J, V) be an infinitesimal ideal in a Lie algebroid A — M. If
(Fu,J, V) integrates to an ideal, then the Atiyah class of (Fu, J, V)
vanishes. . .
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Foliated principal bundles
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Foliated principal bundles

A principal G-bundle 7: P — M is described infinitesimally by its
Atiyah sequence

0—>gp—>%—>7—/\4—>0.
Fn ™
T
A principal foliation on 7w: P — Mis an involutive subbundle F C TP
» thatis G-invariant; T,®,F(p) = F(pg) forallp € P,g € G,
= and with F™ := F N T"P of constant rank.
Hoins, Vorbe - Tondowr 7o'
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The infinitesimal ideals

Let g be the Lie algebra of the Lie group G. Then there is an ideal
i C gsuch that

FT(p) = {xp(p) | x € i} forall peP.
The associated bundle ip is a naive ideal in TP/G.
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The Atiyah class(es)
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Lie pairs and the Atiyah class
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(A,J) a Lie pair; Fiy € TM involutive subbundle with p(J) C Fyyand a
flat Fy-connection V on A/J. Then

p*+ Q*(Fu, Hom(TM/Fy, End(A/J))) — Q°(J, Hom(A/J, End(A/J)))
is defined by

(P W)ty - -2 Jp) (@, T2) = w(p(n), - - -, Pp)) (pan) ) (@2).
If V,ya@ = Viaforallj € ['(J),a € [(A), then

dys o p* = p* o dyson.
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Theorem (JL19)

If (Fu, J, V) is an infinitesimal ideal in A, then the image under p* of its
Atiyah class

@ € Hy_ i, (Fu, Hom(TM/Fyy, End(A/J)))
is the Atiyah class
ay € HLVJ (J,Hom(A/J,End(A/J)))

of the Lie pair.
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Obstruction result.

Theorem (JL19)
Let (A, J) be a Lie pair. If (A, J) is an ideal pair, then a;; = 0.
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Thank you for your attention!
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