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n-plectic A pair (M,w) is an n-plectic manifold, if w is a closed
eometr:
S nondegenerate n + 1 form:

L] dde =0
mVme M, Vv € T,,M we have

tw=0=v=0
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lectic manifolds for n =1

o m An orientable manifold M together with a volume form.

. m A"T*M with w = —d0, where 0 is the canonical n-form
aematry defined by:

Ol(m,a) (VL s Vi) = Q(Tava, oy T V).
m Compact semi-simple Lie group G with

W= <‘9a [9, 0])7

where (,) is an Ad-invariant inner product on g, and 6 is
the Maurer-Cartan form: H’g- i TgG = TeG, v Lya,v.
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geometry

Hamiltonian vector fields and (n — 1)-forms

Definition
Let (M, w) be an n-plectic manifold. An (n — 1)-form

a € Q"Y(M) is Hamiltonian iff there exists a vector field
Vo € X(M) such that

doa = —i,w.

The vector field v, is the Hamiltonian vector field corresponding
to a.

We will denote the set of Hamiltonian (n — 1)-forms by
Q11 (M).

Ham

SEME

For n =1 the Hamiltonian (n — 1)-forms are the smooth
functions on M. Any f € C*°(M) has a unique corresponding
Hamiltonian vector field vy:



Symplectic geometry: the Poisson algebra C>(M)
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Definition
Let (M, w) be a symplectic manifold. The Poisson algebra of

observables on M is C*°(M) equipped with the following
bracket

{f, g} = w(vr, vg),

where v and v, are the Hamiltonian vector fields corresponding
to f and g.



n-plectic geometry: Lie algebra of observables??

Moment
noplectic Candidate: Hamiltonian (n — 1)-forms
geometty Can try: for o, 8 € Q7~1 (M)

Ham
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{a, B} = tysty,w.

What works:

m d{a, B} = —t[,,vw
m skew-symmetry
What does not work: Jacobi identity!

{a. {B:7} + {8 {v,a}} + {7, {e, B}} = 7dLV'yLVﬁLVocw

What to do? Teaser: L..,-algebras!



L .-algebras

e Definition (Lada, Stasheff [4

n-plectic

— An L,-algebra is a graded vector space L equipped with a
Leyli collection
Mammadova {[ s ]k : L®k — L|1 S k < OO}

of graded skew-symmetric linear maps (also called
multibrackets) of degree |[, ..., || = 2 — k satisfying the higher
Jacobi identities.

m []1 squares to O and is of degree 1, i.e., is a differential, and an
Lo-algebra is, in particular, a cochain complex. We denote [ |1
by d.

m d is a graded derivation of [, ]».
m [, , |3 satisfies:

[[X7y]27212 + [[sz]Q’y]Q + [[y7z]2ax]2 =
+ d([x,y,z]3) £ [d(x),y,z]3 £ [d(y), x, z]5 £ [d(2), x, ¥]5.
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m A differential graded Lie algebra (L, d,[, ]2,[, , |3 =0)
L S S Ly
such that
dlx, y] = [d(x), y] = (=1)"V/[dy, x]
and

()M, [y, 2]+ (1) Py, [z, X0+ (1) Mz, [x, y]) = 0.

Note: when L is concentrated in degree 0, and /; = 0, this
becomes a Lie algebra.



L .-algebras as differential graded co-algebras

Moment There is a correspondence
maps in
n-plectic

geometry {L — algebras} — {Differential graded co-algebras}
(L7 [a -~'v]k) — (C(L)7 D)

Then
{The higher Jacobi identities} < {D? = 0}.

Definition

An L..-morphism between (L, [, ...,]x) and (L, [, ..., ]}) is a co-algebra
morphism F : C(L) — C(L’) of graded co-algebras such that

FoD=D'oF.
This translates to: a collection of (graded) skew-symmetric maps

f . L9k — I’ k> 1 of degree 1 — k, that are "compatible with the
brackets".



L .-algebra of observables of an n-plectic manifold
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el Given an n-plectic manifold, there is a corresponding L..-algebra
B (L, {[, ..., |x}) with the underlying cochain complex

com) S aim) L G a2 () &yt (m)
with Q-1 in degree 0 and C>°(M) in degree 1 — n,
and maps {[ , ..., |k : QU L(M)®K — QH=K(M)} for k > 1,

Ham

K(k+1)
[a, ookl = —(=1)"2 t(Vay Ao A Vo )w

where v, is the Hamiltonian vector field associated to «j, and i(. ..)
denotes contraction with a multivector field:

UV Ao A Vo, JW = Ly, by, W



Example: a 1-plectic (symplectic) manifold
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BRI (M, w) is a symplectic manifold, Loo(M,w) has
(M)

as the underlying vector space, concentrated in degree 0.
The multibracket [, ] is given by

[o, a2] = w(Vay s Vay )-



Example: a 2-plectic manifold

Moment
maps in
n-plectic
geometry

" If (M,w) is a 2-plectic manifold, Lo(M,w) has

Mammadova

c(M) L Qb (M)

Ham

as the cochain complex, with C°°(M) in degree -1, and
Qt, (M) in degree 0.

Ham

The multibrackets [, ], [, , ] are given by

[o, a2] = t(Vay A Vo, )w

[alv a3, a3] — W(Vap Vao Va3)-



Moment map: symplectic geometry
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Let a Lie algebra g act on (M,w), and let vy be the
infinitesimal generator of the action corresponding to x € g. A
(co)moment map for g is a Lie algebra morphism

Leyli
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g — CP(M)
such that
d(u(x)) = —iyw.

(M)

oment map in
) ectic
cometr / l

g — %Ham(M)



Interpretation and applications
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The moment map "enables one to relate the geometry of a
symplectic manifold with symmetry to the structure of its
symmetry group" ([8]).

Applications:

m Noether's theorem (Hamiltonian version)

m Symplectic reduction (e.g., moduli spaces of gauge
theories)

m Classification of symplectic toric manifolds.

m Representation theory



Homotopy moment map
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maps in % oo . .
ninloetic Definition gier, Rogers, Zambon,

geometry

Let g — X(M), x — v, be a Lie algebra action on an n-plectic
manifold (M,w) by Hamiltonian vector fields. A homotopy moment
map for this action is an L,.-morphism

Ley

{fk} ‘g = Loo(M7w)

such that
—i,w=d(f(x)) Vxeg.

Loo(M,w)

n

g —— %Ham(M)



Homotopy moment map

e In other words, let §; : Akg — AK~1g be the k-th Lie algebra
homology differential given by

n-plectic
geometry

Ley -
Ok @ XIN . AX Z (—1)'+J[X,',Xj]/\Xl/\...)/(\,'/\.../\)/(;'/\...Xk.

1<i<j<k

Definition

A homotopy moment map for the action of g on an n-plectic
manifold (M, w) is a collection of linear maps f; : Akg — Q"=k(M),
such that for 1 < k < n+1 and all p € Akg:

—fi-1(0k(p)) = dfi(p) + C(K)ey,w

where v, is the fundamental vector field corresponding to p, and fy
and f,y; are defined to be zero: fy = f,11 = 0.



Weak (homotopy) moment map
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i Definition (J. Herman, [3

Let g — X(M), x — vy be a Lie algebra action on an n-plectic
manifold (M,w). A weak (homotopy) moment map is a
collection of linear maps i : Py 4 — Q"~%(M), where

1 < k < n, satisfying

dfi(p) = —¢(k)ey,w

for k€ 1,...,nand all p € Py g4, where P, 4 C AKg is the k-th
Lie kernel of g, i.e., the kernel of §, : Akg — Ak~ 1g.

Applications: n-plectic Noether's theorem, generalization of the
classical position and momentum functions to n-plectic
geometry, etc (see [3]).
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=
By comparing the two definitions, it is clear that a homotopy
moment map, when it exists, gives a weak moment map by
restricting the fi to Py g, i.e.,

Existence of homotopy moment map = Existence of weak
moment map

Question Is the converse true?

omparison

n-plectic moment
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Consider the following complexes:

m The total complex (E, Jtot) of the double complex
(AZ1g* @ Q(M), dy, d) with the Chevalley-Eilenberg
differential dy on AZ1g* := @, _; A¥g* and the de Rham
differential on Q(M).

Here c7tot =dy®1+1®d.

m The total complex (6, c?tot) of the double complex
(P%1 4 ®Q(M), O d) with zero differential on
P%1 4 = @k=1 Pk 4 and the de Rham differential on
Q(M)..

Here diot := 1 ® d.

ooooo
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Theorem (Fregier, Laurent-Gengoux, Zambon[2], Ryvkin,
Wourzbacher [7

There exists a homotopy moment map for the action of g on
(M,w) if and only if [0] = 0 € H"*1(C).

Theorem

There exists a weak moment map for the action of g on (M, w)
if and only if [©] = 0 € H"T1(C).



Existence result for homotopy moment maps
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B Lt (M, w) be an n-plectic manifold, and let g act on (M,w) by
preserving w. The following statements are equivalent:
m The action of g on (M,w) admits a homotopy moment
map
m The action of g on (M,w) admits a weak moment map
and ¢ € Py, @ C*°(M) defined by

¢ Prp1g — C(M)
P Ly,w

vanishes identically.



Elements of the proof
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n-plectic

geometry this map is injective, then
[@]=0=[w]=0

m Consider the exact sequence.
N A
0= Prg—=Ng—AN""g
Note the dual sequence is also exact.
- dk71
0« Py o <= Afg" «— nflg*
Thus,

P,;':g = /\kg*/im(dgfl) o ker(dé‘)/im(dgfl) = Hk(g),
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H™1(C) = H™! (g (M) = €D H g H™ 1 =4(M)
k>1

and

H™ 1 (C) = H™ (P ,@Q(M)) = ) P ;@ H™H 5 (M)
k>1

ooooo



Strict extensions

Moment
maps in

-plectic Question: Given a weak moment map and assuming ¢ =0,
geometry . H

does there always exist a homotopy moment map that restricts
to the given weak moment map?

Proposition (4.4.1)

Let f be a weak moment map, and ¢ = 0. There exists a
well-defined class [7]; € H"*1(C) such that the following are
equivalent:
m MEm =0 and v admits a Jtot—primitive in
Di_1 do(N*g") @ Q" F1(M)
m There exists a homotopy moment map f, such that
flp, = f.
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