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N
Aim of the Talk

Outline
@ Marsden-Weinstein reduction and the BRST-method
@ L..-algebras and curved Lie algebras
@ Equivariant Multivector Fields and their Maurer-Cartan Elements

@ Construction of the Loo-morphism
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Marsden- Weinstein Reduction

Definition

A Hamiltonian G-space is a quintuplet (M, ®, G,w, J) with
e a manifold M, a Lie group G and a (left) action ®: G x M — M
@ an invariant symplectic structure w

@ a linear equivariant map J: g — €°°(M) (momentum map) (& J: M — g*
equivariant)

such that

£M = %‘chp(tf) = _XJ(f) and J([é_,ﬁ]) = {J(g)a J(U)}w

Example

Lie group action ®: G x M — M ~- cotangent lift T*®: G x T"M — T*"M +

@ Wecan

0 J:g3&— (ap — ap(§m(p))) € €°°(M)

Jonas Schnitzer November 20, 2020 3/ 26



Marsden- Weinstein Reduction

Theorem (Marsden, Weinstein)

(M, ®,G,w,J) Hamiltonian G-space + ¢: C' := J~*(0) — M submanifold +
p: C — Myeq := C/G manifold. Then 3! symplectic structure wyea € Q%(Myea), such
that

* _ *
LW =D Wred-

Remark

If we relax symplectic to Poisson the theorem still holds replacing pull-backs by
backward Dirac maps.
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Formal Hamiltonian Actions

(M, ®,G,w, J) Hamiltonian G-space
(777 J) ~ (71-57 Jﬁ)

That is 7, € ['°°(A?TM)C[[}]] formal Poisson (i.e. [ms,7s] = 0), formal momentum
map Ji: g — €°°(M)[[h]] with

év = —mh(dJn(€)) (The group action is not changed)

Remark

A pair (75, Ji) can be seen as a deformation of (mo, Jo) which is a Poisson structure
with momentum map.

Problem

Marsden-Weinstein reduction in this form does not really apply for formal Poisson
and formal momentum maps.
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N
Reminder: BRST-method

(M, ®,G, 7h, Jp) formal Hamiltonian G-space.BRST-algebra with the
component-wise graded Product:

A = A" @ A g ® € (M)[[h]
J’_

o degree 0 Poisson structure { -, - } with

{a® f,8@ gt ={0,6}s ® fg+aB @ {f,g}r,

o degree +1 charge © = —1[-, -]+ J, with {0,0} =0 = de ={O, -} isa
differential

Theorem

(Hag (1), { -, - }) 2 (6% (Miea)[[P]], { - - }rea,n) (in nice cases). Where {-, - }red,0
is the M-W-reduction of { -, - } r, with respect to Jo.
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”Summary”

For fixed (M, ®,G, J), we have a map

{ (mh, Ji), formal Poisson + formal

momentum map on M, s.t. J, = J + O(h)} - {med’h formal Poisson on Mred}

Question

What (algebraic) structure does this map have?

The sets on both sides do not posses any (obvious, linear) algebraic structures, but:

Theorem

Both sets are can be identified with Maurer-Cartan elements of certain curved Lie
algebras and there is an Lo-morphism between them inducing the above map on the
level of Maurer-Cartan elements.

v
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Curved Lie algebras and L.-algebras

Definition
A curved Lie algebra is a graded vector space £° = @D, £' together with
@ a graded Lie bracket [-, -]: £* x £° — £° of degree 0
@ a derivation d: £* — £° of [—, —] of degree 1
@ an clement (the curvature) R € £2
such that
Q@ dR=0
(2] d® = [R7 ]
If R =0, we say that (£,d,[-, -]) is a differential graded Lie algebra (=DGLA). )
Definition

A degree 41 coderivation @) on the co-unital conilpotent cocommutative coalgebra
S(£[1]°) cofreely cogenerated by the graded vector space £°[1] is called an
Loo-structure on the graded vector space £° if @* = 0. If Q(1) = 0 we say that
(£,Q) is flat.
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S
Curved Lie algebras and Lyo-algebras

Lemma

A Loo-structure @Q on £° is completely determined by its Taylor coefficients
Qn: S™(L[1]°%) — £°[2).

If (£,Q) is flat then @, is a differential.

Definition

Let (£°,Q) be an Leo-algebra. An element 7 € £' = £[1]° is called Maurer—Cartan

element, if
1
> @) =0
k>0
Example
A curved Lie algebra (£°, R, d, [—, —]) induces an Lso-structure @ on £°* by

Qo(1) = =R, Q1 = —d and Qa2(y V ) = —(=1)"" [y, ] for all 5, u € L[1]*.
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Curved Lie algebras and Lyo-algebras

Definition

Let (£°,Q) and (8*,Q’) by Leo-algebras. An Lo,-morphism is a degree 0 coalgebra
morphism

F:S(£[1]°) — S(R[1]"),
such that FoQ =Q' o F.

Lemma

An Leo-morphism F: (£°,Q) — (R*,Q’) is completely determined by its Taylor
coefficients

Fo: S™(L[1]%) — K/[1].

and for a MC element 7 € €', the element

Z %Fk(ﬂ\/k)

k>1

is a MC element.

v

Jonas Schnitzer November 20, 2020 10 / 26



Twisting of Ly-algebras and their morphisms

For any 7 € £' and any Leo-morphism F: (£°%,Q) — (8°,Q), such that
~ 1
= Z ka(WVk)
k>1
exists. If
° Qf =3, #Qitr(r""V -)
° er = Zz anth( Vi )
o F{ =%, 7Fipx(n"'V +)
are also well-defined, then (£°,Q7) and (8°, @’?) are Loo-algebras and

F™: (£°,Q7) — (8°,Q")

is a Loo-morphism.For curved Lie algebras the new structures are
Q@ R"=R+dr+ 3[m,n]
Q d"=d + [7T7 ]
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Lyo-Quasi-Isomorphisms

Definition

Let F': (£°,Q) — (8°, @) be a Loo-morphism between two flat L.o-algebras. We say
that F' is a Leo-quasi-isomorphism, if F; is an isomorphism in cohomology.

Theorem

Let F': (£%,Q) — (R®, C}) be a Loo-quasi-isomorphism between two flat Loo-algebras.
Then there exists an Loo-quasi-ismorphism G: (R*, Q) — (£°,Q), such that G, is a
quasi-inverse of F; on the level of complexes.
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Equivariant Multivector Fields

Definition
The graded vector space T, (M) given by
ik j G
Ty(M)= @@ (S'g" ® Ti,, (M)
2i+j=k
together with
o the bracket [+, -]g: T9' (M) x Tg (M) — TE*(M) , given by

PRX,QRY];:=PVQ®[X,Y]

o the curvature A = ¢’ ® (ei)m € Tg (M)
is a curved Lie algebra.

MO(TF (M), A, [+, o) : = (1€ T3 (M) | A+ 3 [, = 0)

= {IIl = 7 — J= Poisson - momentum map}
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Equivariant Multivector Fields: What exactly do we want?

We choose a an equivariant momentum map J: g — 6°° (M) and consider
(T;(M)[[h”a A, d7J7 [ N ]H)?

Maurer-Cartan elements: i(mr — Ji) € Tpoly (C)° @ (g7 ® 6°°(M))°:
71, is a formal Poisson structure + formal momentum map J + hJs.

Main Aim
Find Loo-morphism

MWyea: (TE.(M)v >‘7 d_Jv [ s " ]9) — (TP01y(Mred)7 [ [ ])
+ extend it A-linearly to

MW,ea: (T;(M)[[h”ah)\, d7J9 [', ]Q) — (TPOIY(MTEd)[[h]]a ['7 ])
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Equivariant Multivecor Fields on C' x g*

Assume M = C x g* with
Q@ &:GxM>3(g,(c,a)) —~ (®F(c),Ad} 1 a) e M
Q@ J: M>(c,0) »acg”
@ mkxs € TI}:oly(M)

This a Hamiltonian G-space with J~'({0}) = C.

By twisting with II := mxxs — J we get the DGLA:

(T;(M)’dna[" D

(Intermediate) Aim

We want to find I and I1 and DGLA-morphisms with

(T;(M)vdnv['v ]) — 1 <i I1 i> (T.oly(Mred)v[’v ])

P
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I: Taylor expansion around C'

The vertical Taylor expansion

C€F(Cxg)Df Y, %e;@L Tf ye [[ (S‘a@€>(C)

IE]NSim g i1€Ng
is
o G-equivariant

e extendable to a Lie algebra morphism
Y n i % G
J: TE{C - T;Tay = ®2i+j+l (S 9 ® HnG]NO (S"ge NMg" ® Tﬁoly(c)))

Lemma
The map T is a
o DGLA morphism between (Ty (M),d",[-, -]) and (T}, Tay,dT(H), [, -]
o a morphism of curved Lie algebras between (T (M),\,d”7, [, -]) and
(Tgrray, TN, 47, -])
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I: Taylor expansion around C'

Interesting sub-DGLA:

(Teare(C) = [] S5 @ Ty ()0, -))

iEN,

with simple differential

0: Teart(C) 3 P® X 5 €' (P) ® (ei)e A X € TeH1(C)

Theorem

There is a homotopy h: Ty ey — T;};y, such that

(Teart(€), 0) T (Tray (C' x 8°), d‘”Dh (1)

is a deformation retract. In particular, ¢ is a quasi-isomorphism.
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II: Cartan model

Definition (Cartan model)

For a Lie group action ®: G x C — C, we call

(Tea(C) = [ S'9® Tpay(C)%,0, -, -])

i€Np

the Cartan model.

Assume C' is a principal G-bundle = C/G is a manifold and DGLA-map

p: T(;art (C) — T];oly(c)c - T;:oly(C/G)

Aim

Want to show that p is a quasi-isomorphism. In fact, we construct a (family of)
deformation retract(s) around p.
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II: Cartan model

Choose principal connection w € ((C) ® g)¢ and define

ho: Teart(C) 3 P® X 5 e; VP ® ia(w')X € Tamt (C).

Lemma
8ilw + il/wa = degg + degvert
+ rescaled:
hor,,
Tpoly(C/G) — Tcart (C) :> he

is a deformation retract for all principal connections w € (Q(C) ® g)©.
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II: Cartan model (notable mentions)

There is a canonical choice of a quasi-inverse of p using a connection.
For any Q € (2*(C) ® g)¢ define

Q: Teart (C) X Teare (C) = Tcars(C)
by
QPR X,QRY) :=e; VPVQ® NVWpgia(dz®)(X) Ala(dz’)(Y)
extend as coderivation of degree 0

Q: S. (Téart (C) [1]) - S'(Téart(c) [1])

Theorem

For a principal connection w with curvature Q0 the map
%o hor,,

is a quasi-inverse of p.
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Summary
We found DGLA morphisms

(T;(M)7dn7 [\'7 D %

SN
AN
~

~

(TTEYB(C)7 dir(n)7 [ Ty T D

(TCart(C)a87 ['7 ])

(Tooty (Mrea), [+ 1)

for M = C x g*. BUT: not quite what we want! Desirable:

MWYCd: (T;(M)v)‘vdi‘]’ ['7

Aim

Find an explicit Loo-quasi-inverse P of

D) = (Toory (Mrea), [+ -])

L (TC&TE(C)>8a ['7 ]) - (TTava(C)adT(n)a ['7 ])

AND: use twisting.
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L+, Deformation Retracts

Assume:
(AvdAv ['v ]A) (% (B7d37 ['7 ']B)Dh
deformation retract of complexes + ¢ DGLA map = the transfered Loo-structure

on A is given by (da, [+, -]a). Then:

Lemma

There is a rather explicit recursive formula for the Taylor coefficients of a
quasi-inverse P with Py = p.

Not surprising: tensor trick!
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The quasi-inverse

We use the twisting by —T (mxks) of the constructed P in order to get:
PO (T o(C), 4™, [ -]) = (Toare(€), PTURKS(T(A), 07555 [, -])
with

TKKS = Z k'Pk 7TKKS

Lemma
We have

Trrs = PT¥XS(T(X)) =0
hence

PiT(ﬂKKS) : (TTayyg(C)ﬂ diT(J)’ [ ) ]) - (Tcart(c)>8a [ ) D

18 Loo-morphism.
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Final step: Precise Statement

Theorem

Lie group action ®: G X M — M + J: M — g equivariant with 0 € g* regular
value. If G acts properly in a neighbourhood of C = J~*(0), then there exists an open
subset U C C' X g* containing C x {0} , such that

Q U is diffeomorphic to an open set in M containing C.

@ J is given by the projection to g*

With this:

Theorem

Lie group action ®: G X M — M + J: M — g* equivariant with 0 € g* regular value.
If G acts properly around C = J~1(0) and free on C, then there is a Loo-morphism

MWrea: (T MR, A A7, [+, - ]) = (Tgory (Mrea) [[R]], [+ 1)

P

inducing the Marsden-Weinstein/BRST reduction on the level of Maurer-Cartan
elements.
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And now?

Same game for

Dy(M)= @ (S'g" ® D], (M)

poly
2itj=k
Maurer-Cartan elements of
—J
are equivariant star products.

Conjecture

There exists a Loo-morphism
MW,ea: (D;(M)Hh]L h)‘?anv [ ’ ]) - (Dpoly(Mred)vav [ ) D

Inducing (up to equivalence) the BRST-reduction of star products on the level of
Maurer-Cartan elements.
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Thank you!
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