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1. Introduction and Motivation

= Many important geometric structures are “geometrically rigid”
(in the sense of Gromov): the Lie algebra of infinitesimal
automorphisms is finite-dimensional.

= Examples: Affine and Riemannian manifolds, conformal
(dim > 3) and projective structures, and more generally
Cartan geometries

= Infinitesimal automorphisms of these structures are solutions
of linear overdetermined systems of PDEs of finite type:
~» automorphisms are determined by their finite jets in a
single point
~» generically there are no automorphisms
~» structures with large automorphism groups or special
types of automorphisms are typically geometrically and
topologically constrained and hence can often be classified
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Suppose that (M", g) is a Riemannian manifold:

= its isometry group Isom(M, g) is a Lie group.
. n(n+1)
= dim(lsom(M, g)) < =5—.

= If M is compact, then Isom(M, g) is compact.

Theorem
Suppose (M", g) is simply-connected and dim(lso(M, g)) = w
Then (M", g) is isometric to either of the following spaces:

= Euclidean space R"” = Euc(n)/O(n)

= n-dimensional sphere " = O(n+1)/0(n)

= n-dimensional hyperbolic space H" = O4(n,1)/O(n).



Finite-dimensionality of Isom(M,g):



Finite-dimensionality of Isom(M,g):

= Geodesics and the exponential map:

For any isometry ¢, one has

€XPg(x) IxP = ¢ 0 expy .

~> ¢ is determined by its 1-jet at a point.



Finite-dimensionality of Isom(M,g):

= Geodesics and the exponential map:

For any isometry ¢, one has

€XPg(x) IxP = ¢ 0 expy .

~> ¢ is determined by its 1-jet at a point.

= Prolongation of the Killing equation:
Suppose £ = &2 € I'(TM) is a Killing vector field:

ﬁgg =0 <— V(agb) = O,

where V is the Levi-Civita connection of g.

We write inf(M, g) for the Lie algebra of Killing fields and
isom(M, g) for the Lie algebra of Isom(M, g).
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— VoVpég =0 = V,Viéc = Ruc?a€a.

Solutions of V(,§,) = 0 are in bijective correspondence to
sections (&, i) of T*M @ A2 T*M that are parallel with
respect to the connection

vprol fb - vaé.b — Mbc .
? Hbc va/ibc - Rbcdagd

Note that the standard fiber of the bundle T*M & A2T*M
equals

R" @ A?R" = R" @ o(n) = euc(n).
= a Killing vector field is determined by its 1-jet at a point

i 1 : : n(n+1
and dim(isom(M, g)) < dim(inf(M, g)) < %
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Suppose (M", [g]) is a conformal manifold (n > 3)
(g~g:<= Ifc C(M,R) st g=fg).

Theorem (Kobayashi 1954)
= Aut(M, [g]) is a Lie group with

dim(Aut(M, [g])) < (”+1)2(”+2)
= dim(Aut(M, [g])) = D s (M, [g]) 2 (57, [gra]).

Remark On (R", [geuc]) all local conformal transformations are
generated by translations, rotations, dilations and inversions.



How can one prove this?



How can one prove this?

= Canonical Cartan connection of (M, [g]): ~~ conformal
geodesics ~~» conformal transformation determined by its 2-jet

in a point.



How can one prove this?

= Canonical Cartan connection of (M, [g]): ~~ conformal
geodesics ~~» conformal transformation determined by its 2-jet

in a point.

= Prolongation of the conformal Killing equation:
Leg = Ag <= V(.&p) = 2)gap for some X € C(M),

where V is the Levi-Civita connection of g.



How can one prove this?

= Canonical Cartan connection of (M, [g]): ~~ conformal
geodesics ~~» conformal transformation determined by its 2-jet
in a point.

= Prolongation of the conformal Killing equation:
Leg = Ag <= V(.&p) = 2)gap for some X € C(M),

where V is the Levi-Civita connection of g.

= A transformation ¢ € Aut(M, [g]) is essential, if ¢ is not an
isometry for any metric in the conformal class [g].
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A conformal structure (M, [g]) is essential, if Iso(M,g) is a proper
subgroup of Aut(M, [g]) for any metric g in the conformal class [g].

Lichnerowicz's Conjecture: Ferrand—Obata—Schoen Theorem

Suppose (M", [g]) is an essential conformal manifold (n > 2).
Then (M",[g]) is conformally diffeomorphic to either

= (5", [gw]) (if M is compact)

= (R",[geuc)) (if M is not compact).

A proof was given in the compact case independently by Ferrand
and Obata in 70's. Later the full conjecture was proved
independently by Ferrand and Schoen in the mid 90's.
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C. Frances, 2006: Generalization of FOS-Theorem to rank 1
parabolic geometries using Cartan connections.

Theorem [Frances, 2012]

Let 17 be an infinitesimal automorphism of a conformal manifold
(M",[g]) (n > 3) with a zero at xp € M. Then:

= Either there exists an neighbourhood of xg on which 7 is
inessential.

= If this is not the case, then there exists a neighbourhood of xg
on which the geometry is locally conformally flat and 7 is
essential.
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= An infinitesimal conformal automorphism 7 = 0 has first-order
zero at xp € M, if its local flow ¢; fixes xq to first order:

dt(x0) = X0 Tt =1Id: Ty ;M — T, M.

= An infinitesimal conformal automorphism 7 is called strongly
essential, if it admits a first-order zero. Strongly essential
— essential.

Theorem [Frances—Melnick, 2013]

Suppose (M", [g]) is pseudo-Riemannian conformal manifold
admitting an infinitesimal automorphism with a first-order zero
X0 € M. Then there exits open subset U C M with xg € U on
which (M, [g]) is locally conformally flat.

Similar results are known for non-degenerate CR-structure of
hypersurface type (Beloshapka/Loboda/Kruzhilin, 70's and 80's)
and various parabolic geometries (Cap—l\/lelnick, Melnick-N.,
Kruglikov=The,...).
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2. Cartan Geometries

Klein's Erlangen Programme:

Geometric structure = transitive left action G x M — M of a Lie
group G on a manifold M.

~» M = G/P is a homogeneous space, where G is acting by left
multiplication.

Cartan Geometries:

Geometric structure = structure infinitesimally modelled on

homogeneous spaces via Cartan connections

Example: Riemannian manifolds can be seen as manifolds whose
tangent space at each point has the structure of an Euclidean
space Euc(n)/O(n) = R", but this structure in general varies from
point to point.

10
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2. Cartan Geometries

For a Lie group G and a closed subgroup P C G write g
respectively p for their Lie algebras. A Cartan geometry of type
(G, P) on a manifold M is given by:

= a principal G-bundle G — M with a principal connection
o€ 9'Y(G,0)
= a reduction of structure group i : G — Q~ to P

that satisfy that w = i*& € Q!(G, g) induces an isomorphism
TM =G xp g/p

Homogenous model: G — G/P equipped with the Maurer—Cartan
form w = wyc € NG, g).

11



Curvature:
x = 0 if and only if the Cartan geometry is locally equivalent to its
homogeneous model.
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Curvature:
x = 0 if and only if the Cartan geometry is locally equivalent to its

homogeneous model.

Examples:

= Riemannian manifolds (M", g) <> torsion-free Cartan
geometries of type Euc(n)/O(n) = R"

= Conformal manifolds (M", [g]) <> normal Cartan geometries
of type SO(n+1,1)/P = S5" (n>3)

= Projective manifolds (M",[V]) <> normal Cartan geometries
of type PSL(n+ 1,R)/P = RP”"

= Parabolic geometries= Cartan geometries of type (G, P),
where G is a semisimple Lie group and P a parabolic

subgroup.

12



Suppose P < G is a parabolic subgroup of a semisimple Lie group.

= Filtered Lie algebra

k
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with g° = p and g! nilradical of p.
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Suppose P < G is a parabolic subgroup of a semisimple Lie group.

= Filtered Lie algebra

g=go.oglog’ogo..og" [¢,¢]cg™
with g° = p and g! nilradical of p.
= Graded Lie algebra
g=2gr(g) =g—«®... ©9-1DgoDg1 D ... D gk [97,95] C givj

=g =P+

with go is reductive Lie algebra (Levi subalgebra of p).
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Suppose P < G is a parabolic subgroup of a semisimple Lie group.

= Filtered Lie algebra

—k

g=9 D...Dg_ngnglD...ng

[o',¢/] C g™
with g° = p and g! nilradical of p.
= Graded Lie algebra

g=gr(g) =9-«xkD.. Pg-1990PG P ... B9k [0/, 9;] C Gitj
=g- =P+

with go is reductive Lie algebra (Levi subalgebra of p).

= We write Gy = {g € P : Ad(p)(g;) C g;Vi} for the group
corresponding to gg.

13



A parabolic geometry (7 : G — M,w) of type G/P induces:
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A parabolic geometry (7 : G — M,w) of type G/P induces:

= Filtration TM =T kM > ... D T M of TM =G xp g/p.
Assume regularity: [T~'M, T/M] c T~'/M and
gr(TyM) = g_Vx e M.

= Reduction of structure group of frame bundle F(gr(TM)) of
gr(TM) corresponding to Gy — Autg (g—).

Prolongation procdure by Tanaka, Morimto, Cap-Schichl imply: In
almost all cases, a regular normal parabolic geometry is determined

by its underlying regular infinitesmal flag structure.

= The curvature of a normal parabolic geometry can be viewed
as P-equivariant function

K:G— A (g/p)* @g=ApL®g:=W.

= Harmonic curvature: & : G — W where W is a completely
reducible subquotient of W. v =0 <= & =0.

14



Suppose M is connected and equipped with a Cartan geometry
(G — M,w) of type (G, P). Consider its automorphism group

Aut(G,w) := {P — equiv.diffeo. ¢:G — G : ¢*"w = w}

and write inf(G,w) for Lie algebra of infinitesimal automorphisms.
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Suppose M is connected and equipped with a Cartan geometry
(G — M,w) of type (G, P). Consider its automorphism group

Aut(G,w) := {P — equiv.diffeo. ¢:G — G : ¢*"w = w}

and write inf(G,w) for Lie algebra of infinitesimal automorphisms.

Theorem
Aut(G,w) is a Lie group of dimension < dim(G) with Lie algebra

aut(G,w) = {& € inf(G,w) : € is complete}.
The Lie bracket on aut(G,w) is mapped under j, to:

L1 (X Y) = X Y= w(u)(X,Y) X, Y eg,

where j, 1 inf(G,w) < g is given by £ — w(&(u)) for some u € G.

15



~ classification of Riemannian and conformal manifolds with
largest possible dimension of their automorphism groups
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~ classification of Riemannian and conformal manifolds with
largest possible dimension of their automorphism groups

Cap—N. 2009: for parabolic geometries this can be further
exploited to get upper bounds for the second largest possible
dimension of dim(Aut(G,w)) and largest possible one of non-flat

geometries.
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~ classification of Riemannian and conformal manifolds with
largest possible dimension of their automorphism groups

Cap—N. 2009: for parabolic geometries this can be further
exploited to get upper bounds for the second largest possible
dimension of dim(Aut(G,w)) and largest possible one of non-flat

geometries.

Kruglikov—=The 2014: determined the submaximal dimension of

inf(M,w) for all complex parabolic geometries.

16
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set having the zero in its closure?
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3. Some Local Rigidity Results

Notions of essential and strongly essential generalise naturally to

parabolic geometries.

= For geometric structures underlying parabolic geometries any
1 € inf(M) is determined by its 2-jet at a point.

Question

Given a parabolic geometry, what geometric restriction does the
existence of a strongly essential infinitesimal automorphism
impose? When does on get flatness of the geometry on an open
set having the zero in its closure?

= some techniques to study this question have been developed
by Cap—Melnick (generalizing tools from confomal case by
Fracnces—Melnick) and Melnick—N.

17



For simplicity, suppose M is equipped with geometric structure
underlying a normal |1|-graded parabolic geometry.
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For simplicity, suppose M is equipped with geometric structure

underlying a normal |1|-graded parabolic geometry.

For 1) € inf(M) write 7 € inf(G,w) for its lift, and ¢; and ¢, for
their respective flows.Then

w(i):G—g
is a P-equivariant function and

» 7(x0) =0 <= w(fi(ug)) € p for any ug € 7 1(xp).
= xp € M is a first-order zero of 1 (and hence 7 strongly
essential) <—

w(ii(uo)) € py  for any up € ' (x0).

= The P-orbit o of Z := w(n(up)) € p+ is independent of the
choice of ug and called the geometric type of the zero.

18



= Projective structures: Go = GL(n,R) and g; = (R")*
~ 1 geometric type of first-order zero.

= (Pseudo-)conformal structures: Gy = CO(p, q) and
g1 = (R(P9)* «s 3 geometric types of first-order zeros.
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= Projective structures: Go = GL(n,R) and g; = (R")*
~ 1 geometric type of first-order zero.

= (Pseudo-)conformal structures: Gy = CO(p, q) and
g1 = (R(P9)* «s 3 geometric types of first-order zeros.

Comparison with the homogeneous model

= Suppose 7 € inf(M) with first-order zero at xp € M and fix
up € 7 1(xp) and set Z := w(7i(up)).

= On (m:G— G/P,wpyc): right-invariant vector Rz generated
by Z € p_ has first-order zero at eP, whose flow et? acts by
left multiplication on G/P.

= Exponential coordinates around eP modelled on
g/p =2 g = g_1 induced by the map g_ — G/P given by
X m(eX).

19



» Xe(C(Z)={Xeg_1=9-:[X,Z] =0} implies

etZesX _ esXetZ etZW(esX) _ 7T(esX).
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» Xe(C(Z)={Xeg_1=9-:[X,Z] =0} implies

etZesX _ esXetZ etZW(esX) _ 7T(65X).

» XeT(Z)={Xeg_1:A:=[Z,X] € go, (X,A, Z)sly-triple}
implies

s _t
etZ eX X log(1+st)Ae 4 etZﬂ_(e

= el+st” e SX) S X)

= m(eT+st
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» Xe(C(Z)={Xeg_1=9-:[X,Z] =0} implies

etZesX _ esXetZ etZW(esX) _ 7T(esX).

» XeT(Z)={Xeg_1:A:=[Z,X] € go, (X,A, Z)sly-triple}
implies

etZ oX eﬁXelog(1+st)A

eTr? eZr(eX) = m(eTi=X).

» Frances—Melnick, 2013: The Cartan connection gives (via its
exponential map) rise to coordinates around xy modelled on
g— (X — m(exp(up, X))) in which the action of the flow ¢; of
n looks similar to the action of e*? around eP.

20



Melnick—Cap, 2013:

= N = m(exp(up, C(Z))) C M submanifold through xp of
first-order zeros of same type as xg .

= Family of distinguished curves
T () = {yx(s) = m(exp(uo, sX)) : X € T(Z)}

on which ¢¢ acts as ¢+(vx(s)) = Vx(155)-
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Melnick—Cap, 2013:

= N = m(exp(up, C(Z))) C M submanifold through xp of
first-order zeros of same type as xg .

= Family of distinguished curves
T () = {yx(s) = m(exp(uo, sX)) : X € T(Z)}

on which ¢¢ acts as ¢+(vx(s)) = Vx(155)-

~~ restrictions on the values of k along distinguished curves T («),
since k is ¢g-invariant and P-equivariant.
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Theorem [Melnick-N., 2016]

Suppose (G — M, w) is a normal irreducible parabolic geometry of
type G/P with G simple. Let n € inf(M) with first-order zero at
Xp € M and geometric type a. Then:

» & vanishes along all curves in T («).

» k(xp) = 0.
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Suppose (G — M, w) is a normal irreducible parabolic geometry of
type G/P with G simple. Let n € inf(M) with first-order zero at
Xp € M and geometric type a. Then:

» & vanishes along all curves in T («).

» k(xp) = 0.

Remark: In particular, any 7 € inf(M) is determined by its 1-jet at
points where « is non-zero (see also Kruglikov—The, 2017).

22



Theorem [Melnick-N., 2016]

Suppose (G — M, w) is a normal irreducible parabolic geometry of
type G/P with G simple. Let n € inf(M) with first-order zero at
Xp € M and geometric type a. Then:

» & vanishes along all curves in T («).

» k(xp) = 0.

Remark: In particular, any 7 € inf(M) is determined by its 1-jet at
points where « is non-zero (see also Kruglikov—The, 2017).

Theorem [Melnick-N., 2016
If a is the minimal (nontrivial) or the open P-orbit in p,, then the

geometry is flat on an open set with xy in its closure.
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4. Global Rigidity Results

Suppose (M, g) is a Riemannian manifold and consider projective
structure [V] on M induced by the Levi-Civita connection V of g.
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4. Global Rigidity Results

Suppose (M, g) is a Riemannian manifold and consider projective
structure [V] on M induced by the Levi-Civita connection V of g.
Then one has:

Iso(M, g) C Aff(M,g) C Proj(M, g),
and we denote by subscript 0 the connected components of the

identity of these groups.

Projective Lichnerowicz Conjecture
Let (M, g) be a complete connected Riemannian manifold of

dimension n > 2. Then Affy(M, g) = Projy,(M, g) unless (M", g) is
isometric to a finite quotient of (57, cgr4), ¢ > 0.
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4. Global Rigidity Results

Suppose (M, g) is a Riemannian manifold and consider projective
structure [V] on M induced by the Levi-Civita connection V of g.
Then one has:

Iso(M, g) C Aff(M, g) C Proj(M, g),
and we denote by subscript 0 the connected components of the
identity of these groups.

Projective Lichnerowicz Conjecture
Let (M, g) be a complete connected Riemannian manifold of

dimension n > 2. Then Affy(M, g) = Projy,(M, g) unless (M", g) is
isometric to a finite quotient of (57, cgr4), ¢ > 0.

This conjecture was proved by \V.Matveev (2007).
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Theorem [Calderbank—Eastwood—Matveev—N., 2015]
Let (M, J, g) be a complete connected Kihler manifold of

dimension 2n > 4. Then Affo(J, g) = CProj,(J, g) unless (M, g, J)
is isometric to (CP", J, cgrs) for some ¢ € R+ .
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Let (M, J, g) be a complete connected Kéhler manifold of

dimension 2n > 4. Then Affo(J, g) = CProj,(J, g) unless (M, g, J)
is isometric to (CP", J, cgrs) for some ¢ € R+ .

Remark: In the compact case, this was first proved by
Federova—Kiosak—-Matveev—Rosemann (2012) and
Matveev—Rosemann (2014).
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Theorem [Calderbank—Eastwood—Matveev—N., 2015]
Let (M, J, g) be a complete connected Kéhler manifold of

dimension 2n > 4. Then Affo(J, g) = CProj,(J, g) unless (M, g, J)
is isometric to (CP", J, cgrs) for some ¢ € R+ .

Remark: In the compact case, this was first proved by
Federova—Kiosak—-Matveev—Rosemann (2012) and
Matveev—Rosemann (2014).

Theorem [Matveev-N., 2017]
Suppose (M, J, g) is a connected complete Kahler manifold of

dimension 2n > 4, which is not isometric to (CP", J, cgrs) for
some ¢ € R-g. Then the index of the subgroup Aff(J, g) in the
group CProj(J, g) is at most 2.
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